


“ MERBSTIMELINE
:‘ GET A SIMPLE WITH MERBLIN SERIES

2021/22
QUIZ1

1. (a) Write the precise or formal (i.., £ — &) definition of the following limit statement

(x.y])ll?ﬂ-b)f(x' n=L

Hence, using the above definition show that )xy +y?=2.

lim
(xy)~(11

. 3x2y? . .
(b) Using different paths or iterated limit approach, find & yl)lEEo o)x—::;'—z and verify using

¢ — § definition of limit of a function.

2. (a) i. Determine and sketch the domain of the function
In[(16 — x? —y2)(x? + y* — 4)].

ii. Evaluate the indicated limit or explain why it does not exist

sin(xy)
00 22 + y?

() How can the function

2% 553
’ = ’ .f
flxy) g P
be re-defined along the line x = y so that the resulting function is continuous on the
whole xy-plane.
SOLUTION
I. (a) Givene > 0,36, > 0 such that whenever |x —a| < § and |y — b| < & holds then
Ify)-Lli<e
Now, showing that i 2 =
_ B oy Y+ =2
Given & > 0,3 &, > 0 such that whenever |x — 1] < 8 and [y — 1| < & holds then
lxy +y*-2| <

lxy +3* -2l = lxy—y+y+y?-1-1]
=lyx-D+@-1)+¢2-1)
=ye-D+-D+ @ -1)(y+1)]
Shllx=1+ly-1+ly-1ly + 1]
=ly=1+1x-1+ly-1+ly-1|ly-1+2
=(y=1U+Dlx=1+ly-1+ly-1(ly-1]+2)
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<(6+1)6+5+6(6+2)

=524+8+6+8%+26
Iféd<1

<5+86+6+6+28

=68

<g iféd=-

By choosing § = min {13 we can see that whenever |x —1] <8 and [y —1| < §

holds then |xy + y* —2| <&

Thereft li +y2=2
ereore( m%u)xy y

. 3
(b) Given i l)m%0 0)% let f(x,y) =

Using different paths approach

xz +y

Consider along the path y = mx

__ 3x%(mx)?
flx,mx) = x2+(mx)?

35t -m? -
=TT
_ 3x*m?
T x2(1+m?)
_ 3x'm?
T (1+m?)
. 3x?m? _ 3(0)*m?
=0(1+m?) (1 +m2)

Consider along the path x = 0

3(0)2 2
10N =G5
0
_;2.=o
= lim0=0
y—0

Consider along the path y = x?
3x2 (XZ)Z

flx,x) = m

_ 3?5

T oxZ 4 x4

B

T x2(1 +x%)
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GET A SIMPLE WITH MERBLIN SERIES

_ 3t

T 1+2x2
llm—(-l—
x-0(1+ 02)

. . 242
Since, different path approach have the same limit, we suspect that lm(ao B i:; =0

Verifying using & — § definition of limit
Given € > 0,3 &, > 0 such that whenever |x — 0| < & and |y — 0] < & holds then

|3x%y?

1z+yz = 0| <g
3x2y2 _ | 3x2y2
x2+y2 xz+y2
= I Jtz+y1|
< 2
3]x?| - x2+y2
< 3|x?|- ince, —2—
< 3|x%|- (1) since, Ty <1
= 3|x - 0J?
< 362
If6 <1
<36
<g ifs==
3

By choosing § = min {15} we can see that whenever |[x — 0| < §and |[y—0] < 6
holds then l:::’; — OI <e

Therefore, hm 2%yt
(xy (no)ar2+:v2

2. @ @) GivenIn[(16—x? —y?)(x? +y? —4)] =In(16 — x* —y?) + In(x? + y* — 4)
Dr={(x,y) ER: 16—x*-y?>0, x*+y*—-4>0}
={(x,y) ER: ¥ +y? <16, x®+y?> 4}

Sketching the domain,
Letx?+y? =16
xz + yZ = 42

Thus, the domain is a circle with center (0,0) and radius of 4.

3
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Similarly,
Letx® +y? =4
xz L yZ — 22

Thus, the domain is a circle with center (0,0) and radius of 2.

Therefore, the domain is a set of all point within the circle x2 + y? = 16 and outside
the circle x2 + y? = 4 excluding the points on both two cicles.

- ; . sin(xy)
(1) Given (x,yl)li?o,o)—x%yz

Using Sandwich theorem
-1<sin(xy) <1
i 1
Multiply through by e Ve get
1 -
B - sin(xy) < )}
x2+y2 x2+y2_x2+y2

Consider, lim —-———=
(xy)>(00) x2 4 y?

Consider, lim ———=o
(x¥)=(0,0) x? + y?

sin(xy)

e 00 X2 + 32 oes not exist

1 1
because lim ———m—7m 7 i —_
(ey)=(00) x2 +y2 * {x.y])l—r-rE0.0) x2 + y2

and also both  lim ——1_ im ——L1_ ;
L, My and (x,yl)lHE0,0) Tyt are undefined.
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®) fly) =x:—_f,ifx +y

For ftob i i =
or f to be continuous, ’]tl_llt; fO.Y)=f@G.y)

Consider, x # y
 od —p

lim
Xy X—Yy

Using long division,
x?+xy+y?
—(x3 — x%y)
2y y

—(x2y — xy?)

xy? —y3
—(xy? = y%)

0

= 2} -y =(x -0 +xy+y7)

. x3-y3 o (=) (xP+ay+
= linE=L = iy E0E )
Xy X=Yy x-y x=y

= lim x? ?
I_.yx +xy+y

=y +y-y+y
=y* +y* +y
—] 3y2
Consider, x = y
fOY) =y +y-y+y
=9 Fy 4o
= 3)]2

Thus, the function is continuous at the point x =y

We redefined the function as
X3 —y3 _
fy)=4 x—y ey
3x? ifx=y
5
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QUIZ2

o ey U 3
1. (a) Giventhat U =x?+y? where x = ref and y = re”*. Find = an a_ls)'

(b) Let f(x,y) = ;z%ﬁ, find the linear approximation to the function at the point (~1,2)

and use it to approximate f(—1.05,2.1)

(c) Determine whether or not the function
w3 + utv + uv? +0v°

fuw) =———0
is homogeneous. If it is homogeneous, then find the degree of homogeneity of the

function.
(d) Let
2 _
flxy) = —'—‘xx +;y if (x,y) = (0,0)
0 if (x,y)=(0,0)
Find

i. fi(x, ), if (x, ) = (0,0)
ii. £,(0,0) and £;(0,0). [Hint: use limit definition for partial derivatives].

SOLUTION
1. (8 Letu=f= [x2 +y2:(x2+y2)§

x =re’
y=re™?
B ot 9x _ s
gr—e e
ﬁ: — %:—-re*s

1
f=(x*+y%)2
a2 2
= 24y 2 U=f

— 2x X
= _ =
2x2+y2)z VEEHY? ‘

af _ 1 1
5y =2 Y2y X y
— 2y _ b i [

o ]

r s r s
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w _ ar
ar_g;‘az af ay an . oy
“ox or Ty o 3 s
- s S
—\/xztyz £ +Jx2+y2 e”s :g—i-g—‘: g—i.%
b = xe + ye™* = X . s b e —pp—S
Vi | Jereyt B e
_ xeS+ye~S _ xre’ yre™S
= = e
Butx =re® and y = re-s _ XreS—yre™s
U _ reS-eStre Ses JxZay?
ar  Jrerite Butx =re* and y=re™s
_ re®ire™ U _ reSreS—re~Sre™
_ r(e25+e~zs) _ r2e?S_y2p-2s
_ r(e*+e~%) — T(e*—e%)
T rflenre s Jr(eTre)

e254p—2s _ rz(gzs-g_z!
T J(eFre) rf(eZ5+e—25)

—zaxd—2 _ r{e**-e"%)
=(e*+e 25): 2 =Temie s
= (e25 + e—ZS);

. _ s _
(b) Given f(x,y) = Ty and (—1,2)

L(x,y) = f(a.,b) + fi(a,b)(x — a) + fy(a, b)(y — b)
=12 + AL (x+ 1) + £,(-12)(y - 2)

e ® o BB
Now, f(=1,2) = (-12+(2)2 ~ 144 5 .
=2 (=2
Aley) =4 (x2+y1)

= 5[50 +y)1]
==5(x?+y?)"2-2x

10x
(x2+y2)?

10(-1) _ 10 _ 10 _2

f(-12)=- (12+@7272 (1442 52 5

fz(an) = ai(x_ziF)

y
_9 2 4 .,2y-1
=2 (56 4y
=-5(x2+y?)2-2y

_ 10y
T (xty)?
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_ 102 _ 20 20__4
RLD) = ~tCmerr ~ G # ¢

Thus,L(x,y)=1+§(x+1)—§(y—2)
2 2 4,8
=1+;x+§—;y+;
-
=3x 5y+3

P 4
Thus, the linear approximation to f(x,y) is -::x =z¥ +3

Now, L(~1.05,2.1) = 2(~1.05) = £(2.1) +3

21 42
=—— 43
50 25

9
=—=109

10
Hence, the approximate of f(—1.05,2.1) is 0.9

3 2 2 3
(¢) Given f(u,v) = pie oy
f(tu, tv) = (tu)3 +(tw)?v+(tw) (tv) 2+ (tv)®
(tu)2—(tv)?
_ Bud+tutvrttuwr?+%°
- r2u2—t2p2
_ (e +utv+uv+v?)
- t2(u2-v?)
t? (ud+ulv+ur?+v?
= ez ( u2—p? )

= t}(f(wv))

u2—p2

Thus, f(u, v) is a homogeneous function and hence, the degree of homogeneity of the
functionis k = 1

x%-xy .
() quuwzrg-tf@w¢mm

0 if (xy)=1(0,0)

i AGY) = f(y)
=2 ("zi)
dx \ x+y
_ Gy @x-y)-(x*-xy)(1)
(x+y)?
_ 2x*—xy+2xy-y?-x2+xy
B (x+y)?
_ x242xy—y?
T ey
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i. filay)= }llilr(])f—(ﬁJz‘_f(m

£00) = lim {0+ 10 - 700)

h
h,0) — £(0,
£i(0.0) = m&)_hm

But f(x,y) ":;;y
h?—h(0) _h?

. h=0
ﬁ(0.0)=}gr[1’T
=lim£
h-=oh

=lim1
h—0

=1

Thus, f;(x, y) at the point (0,0) exist.

WY+ k) — .
fiz(6,y) = ’l‘i_lgfl(x ¥y ’2 HL(xy)
£1(0,0 + k) - £,(0,0)

k
1 ka — 0,0
£2(00) = jimy SO A0

f12(0,0) = ’ltl_r’r‘:)

x2+2xy-y?
But fi(x,y) = _(x--l-?)z—

f1(0,0) =1
0% +2(0)(k) —k*> —k?
AR = (O(-I?Sc)2 =5z =1

L
le(O:O) = kl-lr(])

= lim -2
_k—v() k

= -0

Thus, fi,(x, y) at the point (0,0) does not exist.

Merblin Series: Your Friend To Success.
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EXAM —2021/22 (SECTION A)

I. Ifgiven & > 0,38, > 0 such that |f(x, ) — L| < & whenever (x,y) is in the domain of

and 0 < /(x — a)? + (y — b)? < & then the function is
A. Continuous at (a, b) C. uniformly continuous
B. Has a limit at the (a, b) D. absolutely continuous at (a, b)

2. If given £ > 0,3 8, > 0 such that |f(x,y) — L| < & whenever (x, ) is in the domain of

fand 0 < /(x — @) + (¥ — b)? < & then the function is
A. Continuous at (a, b) C. uniformly continuous
B. Continuous at (x,y) D. absolutely continuous

3. What is the new limits of integration for the double integral
x=1 py=x
1= | reuy)dydx
x=0

y=x?
If the order of integration is reversed from dydx to dxdy
y=x rx=1

=1 =
A D=5 [y flxy)dxdy €. J= ;;0 f:;’y f(x,y) dxdy

= = =1 =y?
B 1= [ feeyyaxdy D 1=[7[2 flxy)dxdy

4. How can the function

x> +2y if (xy)=#(12)
2y = .
e =00 i o = 02)
be re-defined at (1,2) so that f is continuous at all points in the xy-plane.
A f(1,2)=2 B. f12)=3 C.f(1,2)=4 D. f(12)=5

5. A harmonic function of two variables satisfies
A. Poisson equation C. Laplace equation
B. Bemouli equation D. Heat equation

6. Find the linear approximation to the function

fx,y,2) =xy+yz+zx
at the point (1,1,1).

A L(LL1) =2x-2y+2z—3 C. L(LL1) =2x+2y+2z+3
B. L(111)=2x+2y—2z-3 D. L(1,1,1)=2x+2y+2z-3

7. What is the degree of homogeneity of
fx,y,2) =

1 1
A. 5 B. 1 C. —-3 D. -1
’ a
8. Flndaf(yz,xz)

Vi +.y+Vz

x+y+z

10
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A 2065 x8) B 29f(0%x3)  C 2xfipAx?)  D. 2xf,0%x%)

9. In which region is the function f(x,y) = 1 —x% — y2 continuous?
A. f is continuous in the closed circle x* + y:<1
B. f is continuous in the closed circle x* + y* < 1
C. f is continuous in the closed circle x* —y* < 1
D. f is continuous in the closed circle x* — y* < 1

10. How can the function

3 3

_x -y .
oy ==y i x#y
be redefined along the line x = ¥ so that the resulting function is continuous on the whole
xy-plane.
A fxy)=x*+y*—xy C. fxy)=x*—y*+xy
B. f(x,y)=x"+y*+xy D. f(x,y) =x*—y* —xy
11.If
X2 — y?
flx,y)= m if (xy)#(0,0)
0 if (x,y)=1(0,0)
then f,,(0,0) is
g h, 2 L

A. fyx(o'o) - ,lll_l.]?) fy( 0):)’!(0 0) C. f:;,x (0'0) == 'llil'r(l) f(ﬂ,h) hfZ(O'O)

— T fy(Q.n)-1(0,0) _ s Sy(L0)—f3(0,0)
B. £,x(0,0) }ll_r;% 2 D. £,2(0,0) = }3_1’111]”——“—"—

12. The range of f(x,y,2) = /16 —x2 — y2 — z2 is

A. {Rr: 0 < f(xy,2) < 4} C. {Rr:0<f(x,y.2) <2}
B. {Rr:0<f(x,y.2) < 2V2} D. {Rf: 0 < f(x,y,2) < 3V2}
13. A point (x, ¥,) is called a relative maximum point of f(x, y) in the domain of f if,
2
A. f;cxfyy +2fxyl(xo,yo) >0, f‘tI <0 C. fzxfyy "fx%wl(:co,yu) >0, fzx <0
B. f:\:fy = fxyl(xo.yu) <0, f;cx >0 D. fxxfyy - fxyl(xo,yo) <0, fxx <0

14. Taylor’s Theorem of the Mean states that:
_ 1 ] a\™
A fixy)= Zg=0;;(ha— ka) f(x0.%0) + Rn

1 a 3 \n+1
whereRn—m(ha+k5;) f(xo+6hy,+6k), 0<8<1

_ 1 d a\m
B. f(63) = Zheom (haz—k35) fC0.¥0) +Ra
_ 1 a a\"
whereRn—m(hE;—kE) flxo+ 6y, +6k), 0<O<1

11
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C. 153) =T - (hi ' ki)’"” £ (20, ¥0) + Rn

2 hyo+60k), 0<68<1
where Ry (n“), ( +k ) f(xo +6h, Yo )
D. f(x,y)=Zm= 0m,(h +k ) f(xo.yu)+Rn
Pl gk), 0<6<1
where R, = (n+1)' ( k3, ) f(xo +6h,y, + 6k)

15. Evaluate

ﬂ xyzdV

ifBlstherectanglebox 0<x<10<y<10<
1 1 1 D 1
A. 3 B. = : C.4

z<1

16. Find the limits of integration for the area between the pa

integration is d
y=VE (x=1 _ rex (x=l
J;- =x2 fx- C ] f Jﬂx—
= ..,[' y=1 ry=vx
B. [ f2%dn D[ [7n dA
17. Find the critical points of f(x,y) = x* +y* —3x — 12y + 20
A (+1,43) B. (+1,42) C. (#12) D. (-1,£2)
18.fx=u—v+w, y=u?—v?andz=u®+v,evaluate the Jacobian
A. 2u+ 6u’v C. 2u—6uv
B. 2u+ 6uv D. 2u?+6u*v

19. Re write the equation z = x? + y? in spherical coordinate system.
A. 12 =-psing C.r*=—-pcos¢

B. r2=psin¢ D. r2=pcos¢
20. Evaluat in (=2~
valuate (xyll_r}zom sin (X2+y2).
A0 B.1 C. 2 D. limit does not exist

21. Find the domain of f(x,y) = sin™*(x + y — 1).
n
A -7Sx+y-1<7 C.-1<x+y-1<1
B. -i<x+y-1<1 D.-nm<x+y—-18n

12
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22. The domain of f(x,y) = In(9 — x% — 9y2),
A. Df—{(x,y)[-;—y2<1} . Df={(x,y)|£9—+y2 <1}
— xz 2
B. Dy ={xMI-S+y’<1} D Dy ={Geyl-S -y < 1
23. Describe the set of points represented by domain of f(x,y) = In(9 — x? — 9y?). -
A. Set of points in an Ellipse excluding points on the boundary
B. Set of points in an Ellipse including points on the boundary

C. Set of points in an Circle excluding points on the boundary
D. Set of points in an Circle including points on the boundary

24. Find £(3,2) if f(x,y) = xIn(y? — x).

A 3 B. 2 C. 1 D. 0
5 s xsin(x?+y?)

25. Find (x,y])llr(lo,ﬂ) e
A 0 B. 1 C. 2 D. 3

26. What should be f(1,2) if the function
_Bxy if (y)*(12)
FEN =15 if oy = a2
is to be continuous at (1,2).
A0 B. 2 C. 4 D. 6

27. Determine the set of points for which h(x, y) = exp (—) is continuous

b 4
y
A. h s continuous on the set {(x, y) : x # 0}
B. h s continuous on the set {(x,y) : y = 0}
C. his continuous on the set {(x,y) : x,y # 0}
D. h is continuous on the set {(x,y) : y # 0}

28. The partial derivative of f(x,y, z) with respect of x is defined as

A. fi(x,y,2) = lim L& uy2)-f Gy ) C. f,(x,y,2) = lim L&*hu0)-f(xy.2)

hl-.o hl hl—vO hl
B. f,(x,y,2) = lim L&y 27 Gy2) D. f,(x,y,2) = lim L&y (xy.2)

h1—’0 h1 hl—'o h1

29.1If
1
3 : ;
flx,9) = x+y) e if (xy) #(0,0)
0 if (x.y)=(0,0)

then fZ (010) is

A lmsin(7) B limsin(k)  C. limsin(;z)  D. limsin(-%)

13
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30. Find % if x2z% + usinxz = 2
az (2x22+uzcosxz) C 9z _ _ (2xz2—uzcosxz)
s 3% 2xiz+uxcosxz T ox 2x2§+uxcosxz
az (2xz2+uzcos xz) D oz _ _ (2xz?+uz cosxz)
B. % 2xPztuxcosxz Cax 2x2z—1X COSXZ
31. Find fiy (X, ¥) if fx,y) = sin(x%y)- i o
A, —2xcos(xZy) — 2%y sin(xy) C. 2xcos(x?y) — 2x y sin(x*y)
D. —2x cos(x%y) + 2x7y sin(x2y)

B. 2xcos(x?y) +2x7y sin(x?y)

32.1f .
x*-y .
if (x,y)# (00
0 if (x,y)=(00)
then fxy(0,0) is
o fe(00)H(00) o F0R)-£(00)
A foy(00) = lmEREEE= G fy (0,0) = lim =
e fx(0K)-£(0.0) e fx(0k)—£x(0.0)
B. fry(0,0) = }(l_l'.r[l] S D. fy(0,0) = LI_T.I?J =
33. Find the degree of homogeneity of fx,y) =x*+¥
C. 2 D. 3

A. not positively homogeneous B. 1

34, If z is a function of x and y with cont

dz .
on s and t, then Zis
as

A E___Qz_d__r_ ?__z_ﬂ az_azax+dzay
© @s dxds 0dy0s " gs  dxds dyds
B E—g_{ﬂ Q_a_}_r Daz_azax dz dy
‘' @9s 0dxds 3dyds “as  oxds dyds
35. If w = x3y323,th 1y is
Yz, e oy |
3452553
A. 3x3y?z B. 3x%y%z3 C. 9x2y?z? D. 9x?y?z*
36.1fF(x,y,zuv) =0, Gy zuv)=0, H(xyzuv)=0 then (Qﬁ)z is
ay
; 3(FG.H) 3(F.G.H)
A. (_x) — doux) C ax\ _ apup)
ay/, G(F.GH) * \ay — 3(F.GH)
3(xur) 2 Do
3(F.GH)
3 3(F.GH)
B. (_x) = aa_?:ﬂ' D 9x\ _ a(y.up)
ay/, (F.GH) “\ay/) = FEGH
3(xur) . Fun
14
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53 O & s
37. Find ™ if 2 = f(x,y) is defined by the equation 2xz3 — 3yz2 4+ x?y? + 4z = 0.

3_ 5.2
A az — (2:.'2 2xy C oz _ (223+21y2)
ox 6xz2-6yz+4 T ox 6x22-6yz+4
az 2z3+2xy?
B 2 _(tan) D% _ ()
dx 6xz2+6yz+4 © Ax 6x22—6yz+4

38. A point (xg, y,) is called a Saddle
A. fexlfyy + Elceoye) < 0
B. fefy = &ty <O

point of f(x, y) in the domain of f if
C. feafyy = Fltxoye) < O
D. f;cxfyy ‘flyl(xo-)’o) <0

39. Evaluate ' [2(x? — 3y) dxdy
19

A —% B. ? C.-38 D

40. Evaluate _foz f;zzx(x3 + 4y) dxdy

=x2
32 2 32
A = B. 5 C.3 D. 5

41.If R isthe cube 0 < x, v,z < 1, evaluate

ﬂL(xzﬁ-yz)dV
32 2 32
A s B. 3 C.3 D. 5
400 (1
42. Evaluate [ [*, [ xyz dxdydz
1 15 15
A. - B. = C. ~3 D. =3

43. Find the volume of the solid bounded by the plane z = 0 and the paraboloid z = 1 — x2 —
y? [Hint: use polar coordinates with dA = rdrd6,0 < 8 < 2mand0<r < 1]
AZ B. 2 c.z D. 2
"5 "3 "4 T2

44. The domain of g(x,y) = |2

xZ+y?
A {(x,y): 2y <0, (x.y) =(0,0)} C. {(xy): x>y, (x,y) #(0,0)}
B. {(x,y) : xy >0, (x,y) # (0,0)} D. {(x,y):y>x, (x,y)=(0,0)}

45. Find the critical points if f(x, y) = 2x3 — 6xy + 3y?
A (0.0), (1.01) B. (0:1)1 (1: —1) C. (010)1 (1'0) D. (1.0)- (_111)

46. The range of f(x,y) = /8 —x2 —yZis
A {R::0<f(xy) <3} C. {Rr:0< f(x,y) <2}
B. {Rf:0 < f(x,y) < 2V2} D. {R;: 0 < f(x,y) <3V2}

15
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y,)| < € whenever (x1,y1) and (2,y,)

> 0 such that |f (x1, 1) — f(x2,
)2 < & then the function is

d0< /G —x)2+ 2N
C. uniformly continuous
D. Continuous at (x1,¥1)

47.1f given € > 0,3 b¢
is in the domain of f an
A. Absolutely continuous
B. Continuous at (x2, y2)

X}’-‘b’
48. Evaluate ) (41) e
A 2 B. 3 C. 4 D. 1
2
49. Evaluate lim £_sz'_“4i)
oy 250)
Al B. 2 C.3 D. 4

z
L ]'m —x_-
50. Evaluate (x,y)l—’(0,0) e

A. 0 B. limit does not exist C. 1 D. 2

51. Find %, where z = f(x,y,t), x = g(t) and y = h(t). (Assume that f, g and h all have

continuous derivatives)
dz az dx (3? d B dz dz dx d7 d. dz

AL & C LR, ZEH L~

dt E)r dt By dt 6: dt dxdt dydt 8t

dz dzdx  9dzd dz dz dzdx 0z d dz
y+__ ___y_+__

g, &2y =2 .
dt ~ dxdt dydt dt at dxdt dy dt  at

52 Letu =x2+xy—ytandv =22y + y?, find 9%\ at the point (2,1
sy P

A, & I 5. =
6 & 9
53. Find £,(0,7) if f(x,y) = [cos(x + )] exp(xy)
A -m B. o C. 0 D. -1

.0
54. Find % at the point (2,0, —1) ifw = In[1 + exp(xyz)]
A; 1 B. 3 C. 0 D. -3

55.1fw = f(x,y,2z) where x = g(y,z) and y = h(z), state the appropriate version of the chain

5 aw
rule for -—~)
dz/x

x dydz 0z dxdydz dydz 0z
p. L2, U p, 22 4.2
dy 0z 0z ' 5;:?;+5—
56. Given that x = rcos 6 and x = rsin 8, compute 5
a(r.8)
A. 7 B. rsin@ C.r I, =
=
16
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57. Evaluate f: _I: f: kz dxdydz where k is a constant.
A. 126k B. 127k C. 128k D. 129k

58. Convert the cylindrical coordinate (3 % —4) to Cartesian coordinate.

G B EE) o (e b (22)

59, Convert the spherical coordinate (4 o ) to Cartesian coordinate.

A (V22VZ4V3) B. (22292 4V3) C. (2ZVZ43) D. (2V2,2V2V3)

60. Find the relative maximum or minimum point of f(x,y) = 2 — x? —xy — y*.
A. (0,0) is the rel. max. point C. (0,0) is the saddle point
B. (0,0) is the rel. min. point D. (0,0) is the point of inflection

SOLUTION

1. Has a limit at point (a, b)
Answer: B

2. Continuous at (a, b)
Answer: A

=y

From the diagram by reversing the order from dydx to dxdy, we have
s f f f(x.y) dxdy

Answer.

17
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lim _f(y)=_lim f(xy)

4. For contiBU?Ya )= F(12) (xy)=(1.2) (xy)=(1,2)
. vy)=f1
(I-J’l)l‘r!(!l'z)f = lim xz + Zy
£(12)=12+2(2) (xy)~(1.2)
=5 — 12 + 2(2) = 5
Answer: D

5. Laplace equation
Answer: C

6. Givenf(x,y,z) =xy+yz+2zx
Lixy2) = fAL) + FALDE - D+ £ALDG - 1) + £(1,1,1)(z - 1)

FALY) =11 +1(1) +1(1) =3

ey =y+z =£11)=1+1=2
ey =x+z = f111)=1+1=2
ffxy2)=y+x =2f£111)=1+1=2

Lex,y,z)=3+2(x-1D+2(y-1)+2(z-1)
=34+2x—-24+2y—-24+2z-2
=2x+2y+2z-3

Answer: D

7. Given f(x,y,7) = XHFHZ

x+y+z

Vix + [ty +Vtz

(tx, t StZ) =
Flettyz) tx+ty + tZ

_ AVt +EzZ
- t(x+y+z)

_ Nt(Vx+y+z)
- tlx+y+z)
::E% J§+JT+VE)

t x+y+z

1
=t 2f(x,y,2)
Thus, —% is the degree of homogeneity.
Answer: C

13
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8 Letu=y? and v=x2
du _ du _
E— y = 2x f
u v
2 —or au
) = | ch

%f(u,v) = fi(u,v) 2y

d
5§f (% x%) = 2yf,(y%, x%)
Answer: B

9. For f(x,y) =+1—x%—y? to be defined,
1-x2—-y220
¥+y2=1
Thus, f is continuous in the closed circle x* + y2 < 1
Answer: A

Lo
10. Given f(x,y) = x:_:
Using long division, we obtain x3 — y3 = (x — y)(x® + xy + %)
_ G=-0(E+y+7)
Now, f(x,y) = —————

=x* +xy+y*

— xz + y2 + xy
Answer: B

x2—y2 ,
11. Given f(x, y) — [z?+y2 lf (x, y) =+ (0.0)
0 if (x,y) = (0,0)

Thus, fyx(o,O) = }llnaw—;fym'o)_
Answer: D

12. Given f(x,y,2) = 16 —x2 —y2 —22 lett = x% +y? + 22
0<16-t<16
0<16—(x*+y*+2z%?) <16
0<16—x2—y2—2z2<16
V016 —x2—y2 - 22 <16
0<J/16—-x2—y2—z2<4
0<f(x,y,2) <4
Answer: A

19
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. . 2
13. The relative maximum point at (%0, ¥0) 18 fexfyy — Fivlxowe) > 0, frx <0
Answer: C

14. The Taylor’s Theorem of the Mean states that

S1,09 9"
fen =Y m(hgztkg) feaye) +Ry
m=0

1 F) aTH'l
where Ry = i (hos + ko) f(ro+0hyo+0K), 0<f <1

Answer: D

15.Given0€x<1,0<y<1,0<z<1.
1,1 p1 1 r1,2 x=1
fjfxyzdxdydzzj. I [——yz] dydz
0o Jo Jo 0 Jo |2 -
1 1 p01
=Ej Jyzdydz
0 Jo
1 1y2 y=1
-2l [ e
1 1
=ZLzﬂ

1 zzy=1_1
T 4|2 T8

y=0

¥=0

Answer: A

16.Giveny = x? and y2 = x

From the diagram, if the integration is done first parallel to the y-axis followed by integration
parallel to the x-axis then

x=1 ry=Vx x=1 y:ﬁ
= e[ e
x=0 Jy=x2 x=0

y=x?
Answer: C

20
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17. Given f(x,¥) = x3 + 33 — 35 _ 12y + 20
f;‘(x, ) = 3x% - 3
fy(ey) =3y*-12
For critical points, £,(x,y) = £,(x,y) = ¢

3x® =3 =0 3y2-12=0
3x>=3 3y* =12
=1 Yo =4
x=%1 y=%2
Thus, the critical points are (+1, +2)
Answer: B

18.Givenx =u—-v+w, y=u'—vlandz=13+yp

Yy Xy Xy
LICTP 75 B Ny
a(u,v,w) Zu 2, 2,
1 -1 1
2u -2v 0
3u? 1 0
—1|3Mz f"|+0+0
= 2u — (—6u?v)
= 2u + 6uv
Answer: A

19. Given z = x% + y?
In spherical coordinate system,
x = psingcosé
y=psingsind
z=pcosh
butr?=x2+y2 = rl=gz
Thus, 72 = pcos 8
Answer: D

20. Given sin (Iry )

2+y2
Using Sandwich theorem

—1Ssin(;3—yz)s1

Consider,( lim -1=-1

x,y)-(0,0)
E -1
Also, consider, lmeo 5
i i i —-1% lim 1
(x.;})ll]%o,O) sin Z?yz) does not exist because - l)mE » L
Answer: D

21
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21. Given f(x,y) =sin"}(x +y — 1)
For real values of f(x,y)
“1sx+y-1=<1
Answer: C

22. Given f(x,y) = In(9 — x? — 9y?)
Dy = {(x,y)] 9—x*—9y*> 0}
={(x¥)| x*+9y* <9}
={@y| T+y* <1
Answer: C

23. Given f(x,y) = In(9 — x* — 9y?)
9—x2-9y2>0
x2+9y2<9

§+y2 <&

GRICRY

Thus, domain is the set of points in an Ellipse excluding points on the boundary.
Answer: A

24. Given f(x,y) = xIn(y? — x)
f(3,2) =3In(22-3)
=3In(4 - 3)
= 31In(1)
= 3(0)
=0
Answer: D

25. Given lim 2éinletiy7)
(x.y)—-(0,0) xZ+y?

Using iterated limit,

. xsin(x? + y?) _ .. [0-sin(0% + y?)
™) - }

lim {lim
y—=0 (x—=0 x2+y2 0% + y2
=lim0=0
y-0
5 2 2 .
xsin(x“ + 2 2
lim nm——,f Y _ 251G +07)
x-0 (y=0  x%2+y? x-0 x2 + 02
. xsinx*
= lim
x=0 xZ

22
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— 1 . sinx*
= limx - lim

X0 x-0 xz
:01

=0

Confirming, using different path approach,
Consider, along y = mx

xsin(x® + (mx)®) _ xsin(x? + m2y?)

M2+ (mx)? in %2 + m2y?
_ 0- sin(Oz + mZyZ)
- 02 + mzyz
=0

Answer: A

3xy if (xy)#(12
26. Given f(x,y):{ (’)‘3’ i}{ (S"y))'):(iz))

For continuity,
i x,y) =f(12
i, f) =70.2)
£(1,2) =3(1)(2)
=6

(X.yl)iz»r(lxz)f (x,y) = (x'y])l_r}}i'z) fy)
- (x,y])l-[}%l.z) sxy
=3(1(2)
=6 -

Answer: D

: — exp (%
27. Given h(x,y) = exp (y)
For real value of h(x,y),
Dy ={(x,y):y # 0}
Thus, h is continuous on the set {(x,y) : ¥ # 0}
Answer: D

28. The partial derivative of f (x, y, z) with respect of x is defined as

(x+hy,y.2) - f(x.9.2)
fl(x.y,z):limfx 1 b

I'l,-'O

Answer: B

23
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3 1 -
(x3+y) Sin 7152 if (x,y)#(00)

29.Givenf(x.y)={ if (x,y)=(0,0)
1 xy) =

fOoy+k)—f(xy)

f2(x,y) = lim
k-0

k
0,k) — f(0,0
£2(0,0) = limL)—f-(——)
k-0 k
f(0,0)=0
) 1
f(0,k) = (0°+ k) sin 77
Y
= k sin (ﬁ)
~ ksin Flz—) =0
fz(O-O) = }Cl_lza——k—'
1
ksin (=
= lim ~——(k2)
k=0 k
i (L
= lim sin (kz)
Answer: C

30. Given x2z2 +usinxz =2 = x?z*+usinxz—2=0

9z _ aix(xzzz + usinxz — 2)

i > .
9% 37 (x2z2 + usinxz — 2)
_ (2x2? + uzcos xz)
T 2x?z+uxcosxz
Answer: B

31. Given f(x,y) = sin(x%y)
_90(0 . 2
foy(x, ) = @(asm(x y))
= aiy [2xy cos(x?y)]
= 2x cos(x2y) — 2xy - x? sin(x*y)
= 2x cos(x2y) — 2x3y sin(x%y)
Answer: C

32 Given f(x, y) —1 [x2+y2 lf (x: }’) + (0,0)
0 if (x,y)=(00)

: (U,k)— (0,0
Thus, fry(0,0) = m&__kfx_z

Answer: D
24
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Given f(x,y) = **
» f(tx, ty) = (tx)* + ty
= t(tx +y)
Since, f(tx, ty) # t“f (x,)
Thus, the function is not positively homogeneous,
Answer: A

34, Given that z = f(x,7), x =h(s,t) and y = g(s,1)

gz 0z0x 0z ay

5; 9x ds ay as
Answer: B

35. Given w = x3y3z3

82 6(6 )
=—(—w
dxdy dx\dy
d (a 2 )
6x oy v’z
=a(3x *y?z®)

= 9x2y273
Answer: D

o =
36. Given F(x, 7,2, 3, v) =0, G(x, ¥, Z,1, v) =0, H(x,y, z,u, v)

9(F,G,H)
(ax) 9(y,u,v)
dy. , O(F.G H)

a(x,u,v)
Answer: D

25
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37. Given 2xz3 — 3yz% + x2y? + 4z = 0
0z aa—x (2xz® — 3yz? + x%y? + 42)
ox

% (2xz3 — 3yz% + x2y? + 4z)
(223 =0+ 2xy2 +0)
a 6xz2 —6yz+0+4
(22% + 2xy?)
6xz2—6yz +4
Answer: B

38. The Saddle point at (%o, o) is frefyy — fi s <0
Answer: C

39. Gwenf f(x -3y) dxdy

f f (x? = 3y) dxdy = [—-—Bxy]

2

oo

1
-
- (g 2) - 3(2)2) — (2(1) ~ 3(1)2)

—(16 12) (8 3
“\3 3 )
B 20+1
-3 '3
19
-3
Answer: A

40. Given f fy 2 (X + 4y) dxdy

2 y=2x

_[ J’ (x* + 4y) dydx = J[x y+2y2]y szx

0 y=x2

= f [(3(22) + 2(22)?) — (3(x2) + 2(x?)D)] dx
0

26
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) =~ 2x*)q

2

0

8 x6 x=2
=|=y3 _Z_

[3x 6 x=0
_(8 2
= (‘5 (2)} ——-) . (g (0)2 _@)
S(¢_e
=(3-%)-0

Answer: D

41.Given0 < x,y,z< 1,

MR(xZ +yHav = folfolj;l(xz +y2) dxdydz
e
=f:f:(%+y2)dydz

]

= f (5+3)

-], 6

2 z=1

_z]
z=0

=1
y3]'y
y+—=| dz
3 -
1

]
[—
w

wlN

Answer: B

Merkie g 7
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42. (mmf f f xyz dxdydz
If xyzdxdydz—fJ’ ["'ZVZ]
0
fj —-yzdydz
Y

-+ I

:-Z-J; (0—-2z)dz

- % f (22 dz

i
~f,

o

%

Answer: C

43.Givenz=1-x%2—-vy2, z=0, dA = rdrds,

Using polar coordinates system,
x=rcosh = x%=1r2cos2f
y=rsinf = y?=r?sing
x*+y2 =r?cos?f +r?sin? @
x* +y? =r%(cos? 6 + sin? 6)
x% 4 y2 =12
z=1-x%—y?
=1-(x*+y?%
=1-r?

n 1 2w 1
j fsz =j j (1-=r?)rdrdd
0 0 0 0
2r 1
= [ | G =r*ydras
0 0

28
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2n [Tz r4l"=1
= | d#
) 775
2n 1 1)
= (5-7)as
Lz 3
T 1
_ f (—) do
0 ooy
e,
14l
1
=-02n) ==
Answer: D
= =2l
44, Given g(x'y) = Jx?4y?
For real values of g(x,y),
2 s
x +y?
But for the function to be defined, x # 0, y £ 0 = (x,¥) # (0,0), then
_iy_ > 0
x%+y?
2 2 - > 2 + 2 P 0
(x* +y%) P (x*+y?)
xy>0
Thus,
Dy ={(x, ) : xy >0,(x,y) # (0,0)}
Answer: B

4 Given f(x,y) = 2x3 — 6xy + 3y2
(x,y) = 6x* — 6y
L(xy) = —6x + 6y

For critical points, Lxy)= fy(x, y)=0

6x2 — 6y = 0 -6x+6y=0
6y = 6x2 6x = 6y
y=x? x=y

When x = 0, y=0
When x = 1, y=1

Thus, the critical points are (0,0) and (1,1)
Answer: B

29
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46. Given f(x,y) = /8—x2 -y letz =x?+y?

0<8-z<8
0<8-(x*+y*) <8
058—x2—y2$8

Vi< (B=xT =32 <8
0<8-x2—y2—22 <22

0<flx,y) <242
Answer: B

47. Uniformly continuous

Answer: C

48. Gi xy—4y?
R (x J})l—»(4 1) Vx-2yy

lim 2~ xy -4y im 2 4y? x+2.fy
R NPy 2y Cmtan Yz — 20y Vx+2Jy
i YE - (x+2)y)

(x}')—'(4 1)x+2J_ zJ_ 4y
y(x = 4y)(Vx + 2,f)

(x,y)=(4,1) x — 4y
= (nyl)IEIL'Uy(\/; + Zm
=1(V4+2V1)
=242
=4

Answer: C

49.Given  lim xz_szm
(xy2)+(220) Z°+4

x? sin(y) B 2% sin (g)

lim

(xy)-(2%0) 22+4  02+4

2 .. (M

_ 2% sin (7)
0% +4

_ 4

T4

=1

Answer: A

30
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xl

50 GIVen (5 ) 0.0) 72+

Using iterated limit,

i 0
H im— oz~ l. { }
}’I-I;% [}cll;laxz 4 yZ} yl—];% 02 + yZ
=1lim0
y-0
=0

2 ; %%
?E[y_%xz +y2 - J.‘l—r'ra x? + 02
2
= lim Z
x-0 x2
x-0

=1

x? x?
Since l’l_r}% {x_,o x2 + yz} x-0 {y-'o x2 + 3’2
2
x

: ———— does not exist.
(x,y])II'IEU'D) x? + y 2

Answer: B

51. Givenz = f(x,y,t), x=g(t) and y=h(t)

z
|

|

y t
|

t

dz _0dzdx odzdy oz

dt " oxde Tayar ot
Answer: A

rt— = —

52-Givenu=x2+xy—y2 a_ndv=2xy+)’2
d
au(“) =£(x2 +xy—y2)

ox ox 0 d
=20— 4 y—— _Z_. 2
P) y + x = Zyau

31
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- () = a 2
ou ") = 37 Qxy +y?)

dx F]
0:2 y
dx

- 2
0=y gt Gty (@

Now, multiply (1) by (x + y) and (2) by (x — 2y), we have
(x = dax ay 3)
+9) = +y)(2x+y)b—1:+ (x+y)(x- Zy)-é;.......(
- ox 7
0=y(x—2y)—+@+y)(x- 2y)a—z... e (@)
Subtracting (4) from (3), we obtain
(x + = a_x_ == E
V)= +y)@x+y)o——y(x-2y)5

(x+y) = (x +y)(2x+y)g—z—y(x—2y)g-$

(x+y)=[(x +y)2x+y) —y(x - Zy)]g—i-

(.a_x) _ (x+y)
v (x+y)2x+y)—y(x-2y)

ou

Evaluating at the point (2, -1)

(ax) 2—1)

)y~ 2+ (D)@ + (D) - (D2 -2(-1)
1

=(2—1)(4—1)+(2+2)
1

T3+4
1

7
Answer: B

53. Given f(x,y) = cos(x + y) e
filx.y) = ye™ cos(x + y) — e sin(x + y)
£1(0,7) = me©@™ cos(0 + ) — @ 5in(0 + 1)
= ne® cos(m) — e sin(m)
=n(1)(-1) - (1)(0)
= -7
Answer: A

32
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w = In[1 + exp(xy2)]
3.6V

w _ i]n[l + exp(xyz)]
C =

Bt
yze*”
1+e9*
At the E’g)"(‘i(lz)’giz)(i))(—l)
%;{ =7 e@OCD
0
-2
=0
Answer: C

55, Given w = f(x, ¥, z) where x = g(y,z) and y = h(z)

f
s i 1
4 y %
'
[ | z
y z

{aw B of dy N g
\ r}z)x Cdydz oz
/~nswer: B

36.Civen x = r cos 8 and y=rsinf

:x,y) _|*r Xe
A(r,0) 1y Yo

- Icos @ -—rsiné
sinf rcosé
=r1cos? 0 — (—rsin?h)
=1(cos? @ +sin? 9)
=r
Answer: A
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57. Given [ [/ [ kz dxdydz

4 4 o4 4 o4
f J J kz dxdydz = k J J [xz)5Z4 dydz
0 Jo Jo 0

0

4 4
=4J.j4zdydz
0 Jo

4
=4k [ balys
0

4
=4kJ 4zdz

0

22 z=4
=16k |—
g
.
4
= e
6k [2 2}
=16k(8-0)
=128k
Answer: C

& m
58. Given (3,3,—4) =(r,6,2)
In the cylindrical coordinate system to Cartesian coordinate system (x, y, z)

x:rc059=3cos(g)=-:;—

y=rsin6=3sin(§):—3g

Z=z=-—4

(ty.z) = (Ei\'/—§ —4)
272

Answer: B

59. Given (8,5,%) = (p,0,¢)

In the spherical coordinate system to Cartesian system coordinate (x,¥,2)
X = psingcosf

-5 o2
-5(3)(3)

=2V2

y =psingsinf

34
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Ty . (T
_ gsin (’6) sin (4)
1\ (V2
-8(3)(2

=22

;pc05¢
Z: BCOS(%)

V3
=43
(I, ¥, Z) = (2\/5, 2\/—2.. 4@

Answer: B
2
§.Given f(x,y) =2 —x* —xy -y
fy)=—2x—y
fxy)=-x—=2y

For critical points, £(x,y) = f,(x,y) =0

-2x-y=0 —-x—-2y=0

=y x=2y

By solving, 2x = y and x = 2y simultaneously, we obtain
xr=0,y=0

Thus, the critical point is (0,0)
Checking the nature, using Jacobian,

i B
- fyr fyy (0,0)
2
-1 -2 (0,0)
=4-1
=3>0
Also,

ﬂtx'(o,o) =-2<0

ince, A] > 0 and fex < 0 at (0,0) then the critical point (0,0) is the relative maximum point.
Swer: A

35
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2020/21 (QUIZ 1)

1. (@) Plot the following set in R2
{(,y)eR?:x2+2y* <2, 0<x<y}

(b) Let
5X2y2
f(X.y) - xz +y2
i Find ( l)in%0 s f(x,¥) using different path approach and hence;
x,y )0,
ii. Verify using & — § definition of limit.
2. (a) Let
cosysinx

fay =" i @00
cosy if (xy)=1(0,0)
is f continuous at (0,0)7 Justify.
(b) By using £ — § definition of limit,

prove that the function f(x, y) = x2 + y2is
continuous at point (1,1).

SOLUTION
l. (@ Given {(x,y) eR?: x2 4 2y <2, 0<x <y}

Consider, x2 + 2y2 < 2
x? _;.ZLZ < 2

2 2 T2
—0)2 —m2
(x-0) (yO)<1

vz 1 =
)+ (5 =

Thus, the domain is an ellipse with center (0,0) and major radius vZ and minor radius 1.

Also consider, 0 < x <y
= x=0x=y y=0

Thus, the graph is a straight line starting from the origin
Sketch

O<x<y

____A
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omain is the shaded portion.
Sxty”
) lecn f(x; Y) x2+y

Thus, the d

Using different path approach
We consider y =mx, y =x?, x =0

Alongy = mx
5x%(mx)?

x2 4 (mx)?

5x2-m?-x2

fx,mx) =

= Frm
5x*m?
" x2(1+m?)
5x2m?
T (1+m?)
5x’m?  5(0)2m?

= e Atm

Along y = x?
53.’2 (x2)2
f(x,x?) = 2+ GOR
_ 5x2 - x*
T x2 +x*
5x°
x2(1+ x2)
_ 5x*
T (14 x2)
Hxt 5(0)*

= lim = =0
=0 (1+x2) (1402

Also along x = 0

5(0)%y?
fQ0,y) 0157
0
Ty
=0
= lim0=0
y—=0

Since different path approach have the same limit, we suspect that
o ofCey)=0
37
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ii. Verify using £ — 6 definition of limit

Given £ > 0,3 8, > 0 such that whenever |x—0|<band |y—-0| <4 holds

then sxy —0|<£

szyz xzyz
x2 4+ yz T x2 + yz

y2

x% +y?
2

= |5x®-

< 5|x? =——
Il x2 4+ y?
2

2 . y
< 5|x%|- (1) since, 3777 7 <1
=5|x —0|?
< 562
Ifé6<1
<58
<g if6=¢

By choosing § = min {15} we can see that whenever |[x — 0] < §and |[y—0| <§

2.,2
holds then |22 — 0| < ¢
x2+y?
25
Therefore, lim = e
(x)~(0,0) x*+y?

cosysinx if (x'y) " (0,0)

2. Giv y)=\
(@) Given f(x,y) { Ga8 if (xy)=1(00)

For f to be continuous,

lim f(x.y) = f(a,b)

(x,y)—=(a,b)

ThuS,( s 0)f (x, ) = f(0,0)

By definition, f(x,y) = cosy at (x,y) = (0,0)
£(0,0) = cos0
=1

Thus, £(0,0) exist

38
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o [0 = D at (x,y) # (00)
3 l cosysinx
l)lL'ﬂ f (xy )= (x,y)-(0,0)

cos smx
= lim { Y }
y-0 1‘-'0

(xy.

= lim {cosy lim 2o
y-0 X0 x

= lim{cosy (1)}
y-0

= lim{cos y}
y-0

= cos0
=1

Also, Tl'(l f(x, y) exist

Hence, f is continuous at (0,0) since (r,y])iffom f(x.y) = £(0,0).

() Given f(x,¥) = +y? atthe point (1,1)
using € — & definition of limit,

Given & > 0,3 8¢,(,1) > 0 such that whenever |x — 1] < § and |y — 1| < & holds then
¥ +y? = fADI<e

fAD)=12+1%2=2
Thus,
K +y% = F(L1)| = |2 +y% -2
=|x*-1+y%-1|
= |(x2—12)+(yz-12)|
=|x+Dx -+ @+ )y -1)
<le+1lx=1+ly+1]ly -1
<|lx+116+|y+1]6
=|lx—-1+42|6+|y—-1+2|6
=(lx=1/+2)5+(y-1+2)§
<(E+2)5+(6+2)6
<82+26+6%+26
Ifé<1
<85+25+85+26
=60
< Ha:f

By choosing § = min {1 }we can see that whenever [x — 1| < dand |[y—1| < §
holds then |x2 + y2 — 2| < ¢
Therefore, the function f(x,y) = x* + y* is continuous at point (1,1).

MErbl- 39
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QUIZ 2
1. (a) Let
x? —x )
fon={xry U @O0
0 if (x,y)=1(0,0)
i. Find f; and f;,at the point (x,y) # (0,0)
ii. Evaluate f,(0,0) using the limit definition

(b) fw=f(u,v)and u =rcosf, v =rsinb, show that
(BW)?’ & (GW)2 _ (BW)Z & 1 (BW)Z
ou v/  \or r2\ 96
2. (a) i. Using suitable linearization, find an approximate value of the function
f(x,y) =In(x — 3y) at (6.9,2.06)

ii. Find the degree of homogeneity of the function f(x,y¥) = xytan (y )

=

SOLUTION

x2-xy X
1. (@) Given f(x,y) = “x+y if (x,¥)+(0,0)
0 if (x,y)=(0,0)

i Gy =—f(y)
_ 8 [x*-xy
- E( x+y )
_ (x+y)(@x—y)—(x2—xy)(1)
- (x+y)?
_ 2x?—xy+2xy-yZ-xZ+xy
- (x+y)?
_ X 42xy-y?
- (x+y)?

)
le(ny) = a—y'ﬁ(an)

_ 2 x2+2xy—y2)
Tay\ (x+y)?

_ e+ (2x-2y)-(x2+2xy—y?) 2 (x+y)
- (x+y)*

_ Gn)[(x+y)2x-2y)-2(x?+2xy-y?))
B (x+y)*

— 2x?-2xy+2xy-2y*+2x?—dxy+2y?

- (x+y)3

__ 4x?-axy
T (x4y)?
_ 4x(x-y)
- (x+y)3

40
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f1(xy+k)-f1(xy)

i, frz(xy)=lim -
. f1(0,0+ k) - £1(0,0)
f12(0,0) = }c‘_r}}) %
. f1(0,k) - £1(0,0)
£12(0.0) = lim A==
_ xZ+2xy-y?
But fl (x, y) - (x+y)?
£(00)=1
1 02 +2(0)(k) —k* _ —k? et
RO =" K
-1-1
f12(0,0) = }‘1_1}'(‘) T
s il
= =%
= —00

Thus, fi2(x,¥) at the point (0,0) does not exist.

(b) Givenw =f(y,v)andu = rcosf, v=rsinf

w=f

e 8
——
— e ¥

W _ £ cosf + foin0
ar

Squaring both sides, we have

2
(?_‘f’_) = (f, cos 6 + f, sin 8)?

- = fZcos? @ + 2f f, sin B cos 6 + fF sin? 6
= f2cos? 6 + f7 sin? @ + 2f,f, sinf cos B ... ..... (1)

41
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Also,
aw_af_au+af v
46  du 06  dv 98

ow

Frin fi(=7rsin @) + f5(r cos 8)
aw .

30 - —firsin 8 + for cos 8

Squaring both sides, we have

w2 .
(—-) = (—firsin 8 + fo,r cos 8)*

a6
= fr?sin? 8 — 2f, f,r%sin 0 cos 8 + f7r? cos? @
= ffr?sin? @ + f#r? cos? 8 — 2f, for?sinf cos@ ... .....(2)

Multiplying (2) by ;"z

1 /0wn2 1
=(35) =522 sin? 8 + fZr2 cos? 6 — 2, fyr sin 6 cos 6]

= f2sin? 8 + f7 cos? 6 — 2f, f, sinf cos 4 ........(3)

Adding (1) and (3), we obtain

aw\® 1 gawy?
(5) - = (ﬁ) = fcos? @ + f7sin? 8 + 2f, [, sinB cos 8 +
f?sin?8 + f7 cos? 8 — 2f,f>sinf cos @
= ffcos? @ + f7sin?0 + f2sin? 0 + f2 cos? @
= f£cos? 8 + fsin? B + f7?sin? O + f7 cos? 0
= f(cos? 8 +sin? @) + f2(sin? 6 + cos? 6)
But sin? 8 + cos?6 = 1
=ff+fF

() s

u (6W)2+ 1 (BW)Z _ ow 2 w2
ence. \ar) T 72\%8 ‘(au) +(E)

42
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2. (a) Given f(x,y) = In(x — 3y) at (6.9,2.06)
The nearest point is (7,2)

i L(xy) = f(a,b) + f(a,b)(x — @) + f,(a,b)(y — b)
=f(72)+[(7.2)(x -7+ £(7.2)(y - 2)

Now, £(7,2) =In(7-3(2)) =In(7 - 6) =In(1) = 0
fi(x,y) = o (In(x — 3y))
=—'@

x=3y
1
T x-3y

1 1
f1(7v2) . 7-3(2) - .7—_6 =1

fo(%,¥) = 3> (nx = 3y))
TR
3

x—

T x-3y
3

B g 2
f2(7:2) == 7-3(2) - 7-s 3

Thus, L(x,y) =0+ 1(x —7) — 3(y — 2)
=x—7—-3y+6
=x—3y—1

Thus, the linear approximation to f(x,y) isx —3y —1

Now, L(6.9,2.06) = 6.9 — 3(2.06) — 1
=59—6.18
=-0.28

Hence, the approximate of £(6.9,2.06) is —2.28

ii.  Given f(x,y) = xytan G)

f(tx, ty) = (tx)(ty) tan (%)

= t(xy)tan (g)

= t[xytan (7)]
= t[f(x,y)]

Hence, the degree of homogeneity of the function f(x,y) is 1

43
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EXAMS (2020/21)
1. Find the domain of f(x,y) = sin™1(x + y — 1).
A —sSntp—1g2 C.-1<x+y-1<1
. —2< 5= E - E
B. -2<x+y-1<2 D. —Z<x+y-1<3
2. Evaluate lim 2=
A 3 B. 4 C.5 D. 2
3. Find lim =
(xy)-(e) ¥
A e B. 1 C. : D. 2
4. Given
F(x,y,z,u,v) =xe¥ +uz—cosv—2, G(x,y,zuv)=ucosy+x?v—yz?—1
Evaluate g§i33 at the point (x,y, z,u,v) = (2,0,1,1,0).
A1 B. 2 G, 3 D. 4

5. Determine the set of points at which the function h(x,y) = tan“l(x + \/)_1) is continuous.
A. {(x,y)|x € Rand y = 0} C. {(x,y) |x € Rand y > 0}
B. {(x,y)|x>0andy = 0} D. {(x,y) |x > 0and y > 0}

6. How can the function
x2+2y if (x,y) = (12)
X, = ;
e =6 i ey = a2
be re-defined at (1,2) so that f is continuous at all points in the xy-plane.
A f(1,l2)=4 B. f(1,2)=5 C. f(1,2)=6 D. f(1,2) =7

7. Find the degree of homogeneity of f(x) = Inx.

A 2 B. There is no such degree C. 3 D. 4
8. What is the degree of homogeneity of
VX +.Jy+vz
f(x, Y Z) =
xt+y+z
1 1 1 1
A. = B. = G — & D. ==

9. Find 2 given that y* +2x°y? +6x* =7

o (xy?+3x) _ [(xy?+3x) C _ (x2y%43x) D. — (x2y+3x)
- (ya+x2y) - (ya+x2y2) * {y3+xzy) - (y3+x2y2)
44
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Given that f(x,y) = sin(xy?) answer questions 10,11, 12 and 13. Find:;

10. fx
A. y%sin(xy?) B. yZcos(xy?) C. 2xycos(xy?)  D. xy?cos(xy?)

115
A. yZsin(xy?) B. y%cos(xy?) C. 2xycos(xy?)  D. xy?cos(xy?)

12, fox
A. —y*sin(xy?) B. —y*cos(xy?) C. —4xycos(xy?) D. —xy?cos(xy?)

13. £,
A. y%sin(xy?) — 4x*y?sin(xy?) C. 2y cos(xy?) — 4x%y?sin(xy?)

B. yZcos(xy?) — 4x*y?sin(xy?) D. xy?cos(xy?) — 4x2y?sin(xy?)

Given the spherical coordinate (4%"%) answer questions 14 and 15.

14. Convert the spherical coordinate to Cartesian coordinate

A. (—/3,32) B. (v3,32) C. (—v3,-32) D. (-v3,3,-2)

15. Convert the spherical coordinate to cylindrical coordinate
2 2n 2n 2
A (-23%2) B (2v3-%2) c (2v3Z,-2) D (2v3%2)

16. Find the equivalent cylindrical equation of the Cartesian equation x2 — y2 = 25,
A. 12c0s20=25 B. rcosf =25 C. r2cos@ =25 D. rcos28 =25

17. Evaluate
f f ysin(xy) dA
Where R = [1,2] x [0, ]. R
A0 B. 1 C. 2 D. 3
18.1f z = f(x,y) = x%y — 3y determine dz if x = 4, y = 3, Ax = —0.01 and Ay = 0.02.
A. 0.01 B. 0.02 C. 0.03 D. 0.04
19. A harmonic function of two variables satisfies
A. Laplace equation C. Poisson equation
B. Bemouli equation D. Heat equation

20.If w = f(x,y,2z) where x = g(y,z) and y = h(z), find (Z\_‘:)w

of of af *f
A fior o B. f;or e C. for o D. fazor o

45
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- . . 0u
21. Given the expression u = /x* + y2; wherex = reSandy =re”>. Find £

r(xeS+ye™5) r(xe S—ye®) r(—xeS—ye”5) D r(xeS—ye™5)
x2+y? T x24y? ' x2+y? x2+y?
29 Find the relative maximum of f(x,y) =2 —x* —xy = y2.
A. (0,2) is the relative maximum point C. (1,1) is the relative maximum point
B. (1,0) is the relative maximum point D. (0,0) is the relative maximum point

23. Find the linear approximation to the function f(x,y,z) =xy +yz+zx atthe point (1,1,1).
A. L(x,y,z)=2x—2y+22—3 C. Lix,y,z)=2x+2y+2z+3
B. L(x,y,z):2x+2y—22—3 D. L(x,y,z) =2x+2y+2z—3

24 Letu = x* + xy — y? and v = 2xy +y?, find (g—z) at the point (2,—1)
v

1 1 1 1

A. = B. = G = D. -
75 Two resistors in an electrical circuit with resistance Ry and R, wired in parallel with a
. . i 1 1 1 o dR
constant voltage gives an effective resistance of R, where = = — + —. Find —.
R Ry Ry R,

A R% R% R? R‘l
* (Ry+Ry)? © (Ry+R2)? © (Ry+R3)? © (R1+R2)?

26. The partial derivative of f(x,¥,2) with respect of y is defined as

A. fz(x; y' Z) — ]lm f(I+h2.)’,Z)+f(X,yJ) C fz (x’ y‘ Z) = lim f(x.)’+hz.2)+f(x,)’.2)
h2-+0 hz hz—bﬂ hz

B. fZ (X, y, Z) = lim flxyz+hy)—f(xy.2) B f2 (x, y, Z) = lim f(X,)"+h2.2)"f(er’.z)
h,—0 ha hy—0 hy

27. Evaluate f: ff (;—c + %) dydx
A. 7.28 B. 6.28 C. 5.28 D. 4.28

28. Evaluate [ : ffz fol xyz dxdydz

29. Evaluate ﬂRx?‘y dA where R is the region bounded by y =0and y =2 for -1 < x < 2.
A 4 B. 5 C. 6 D. 7

30. Find the average value of the quantity 2 — x — y over the square D = {(x,y)|0sx<2,

0<y<2}
A 3 B. 2 | D. 0
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SOLUTION

1. Given f(x,y) =sin"Y(x +y —1)

For real values of f(x,y)

-l<sx+y-1<1

Answer: C

. ; xy—4y* 4y?
2. Given (xyl)—%% W
xy—4y* =4 2l

A, Dyx — zJ‘ ot 1)\/‘ 2Jy Vx+2)y
= [ y(x —4)(Vx +2.fy)
@y~ x + 2,[xy — 2,[/xy — 4y

y(x — 4)(Vx +2./y)

= 1m
(x y)—-(4 1) x—4y
= il 1, Y(Vx +24)
= 1(vV4 + 2V1)
=242
=4

Answer: B

3. Given lim Z2=%2=¢
Gy)—=(e)y 1

Answer: A

4. Given F(x,y,z,u,v) = xe¥ +uz —cosv — 2, G(x,y,z,u,v) =ucosy + x*v —yz? -1

d(F,.G) |E, G,
a(u,v)
- l : cosyl
sinv
= x2z —sinvcosy evaluating at the point (x,y,2,u,v) = (2,0,1,1,0)
= (2)?(1) — sin(0) cos(0)
= 4(1) - (0)(1)
=4
Answer: D

5. Given h(x,y) = tan~(x +./y)
For real values of h(x,y)
D, ={(x,y) |x ERand y = 0}
Answer: A
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) _(x*+2y if (xy)#(1.2)
6. Given f(x,y) —{ 0 if (1) = (12)
For continuity,

fy) =f(12) o xy) = lim  f@xy)

(x. ) (12)
= l)i"hz x2+ 2y
£(1,2) =12 +2(2) A
=5 =12+ 2(2)=5

Answer: B

7. Given f(x) =Inx
f(tx) =Intx
Since, f(tx) # t¥Inx
Thus, there is no such degree.
Answer: B

8. Given f(x,y,z) = ﬁ:ﬂ;ﬁ

Vix + Jty +Vtz
tx, ty, tz) =
flxty.tz) tx +ty +tz
:\ffﬁﬂffﬁhf?ﬁ

t(x+y+z)

_ VEi(x+yF+Vz)
t(x+y+z)
1
_ E (y?-.»\ﬁhw?)
Tt \ xty+z
]
=t 2f(X,¥.2)
1, .

Thus, =2 is the degree of homogeneity.

Answer: C

9. Giveny*+ szyz + 6x2 =
Let F(x,y) = y* + 2x%y* + 6x* =7
dy _ E&y)
dx  Fx E(xy)
4xy? +12x
4(xy? + 3x)
T 4(y3 +x%y)
(xy? + 3x)
T+ %)
Answer: A
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10. Given f(x, y) = sin(xy?)
d
fx == af(xl J’)
= —gj 2
F sin(xy?)

=y cos(xy?)
Answer: B

11. Given f(x,y) = sin(xy?)
a
]Sr = 5]‘(1.}’)
= %sin(xyz)

= 2xy cos(xy?)
Answer: C

12. Given f(x,y) = sin(xy?)
afa
ﬁ‘cx = a (a_xf(x!y))
d
= %(-a—xsm(xyz))
= %0’2 cos(xy?))

= —y*sin(xy?)
Answer: A

13. Given f(x,y) = sin(xy?)
a (o
fy = 3y (a_y‘f(x, }’))
drad
% (-5 sin(xyz))

d
= 55 @y cos(xy?)

= 2x cos(xy?) — 4x*y? sin(xy?)
Answer: C
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. 2n «w
14. Given (4,7.3) =(p.0,9)
In the spherical coordinate system to Cartesian system coordinate (x, Y, 2)
x =psin¢cosé

- san(G)es(3)
(7))
=3

y =psin¢siné

= 4sin (2—;—) sin (g—)

-+(2)(%)

=3

z=pcos¢
=4cos(g~)

()

=2

(x,y,z) =(~V3,32)
Answer: A

15. Given (43339 = (p,0,9)
In the spherical coordinate system to cylindrical system coordinate (r,6,2z)
2
~ 3
m 1
z=pcos¢p = 4cos(§) = 4(5) =2

p2=r2+22

42 =2 +2°
16=r2+4
r2=16—4
2 i=12
= 2V/3

2
(r,6,2) = (2w/§,—3—,2)
Answer: D
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16. Given x2 — y2 = 25
x=rcosf = x?=1r2cos2p
y=rsinf = y?=r2sin29
= x? —y?2 =7r2c0s20 —r?sin2 @
= r2cos?0 —r?sin%@ = 25
r%(cos? 8 —sin®9) = 25

But cos? 8 — sin% 6 = cos 26

Thus, 12 cos 26 = 25
Answer: A

17. Given [[,y sin(xy) dA

f f ysin(xy)dA = fo " fl 2y sin(xy) dxdy
_ F[_ycos(xy)]"ﬂ i
Y Y x=1

= Jm(— cos(2y) + cosy) dy
0

_ | sin(2y)

- [_ .

n

+ sin y]
0

_ sin(2m)

- 2

— +0

-2

=0

+sint—0

Answer: A

18. Givenz = x2y — 3y, x =4, y =3, Ax = —0.01 and Ay = 0.02

dz = d(x*y — 3y)
= 2xydx + x?dy —3dy butdx = Ax and dy = Ay
= 2(4)(3)(~0.01) + (4)2(0.02) — 3(0.02)
=—0.24+0.32 - 0.06
= 0.02

Answer: B

19. Laplace equation
Answer: A
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GET A SIMPLE WITH MERBLIN SERIES

20. Given w = f(x,y,z) where x = g(y,2) and y = h(z)

N— R
N

0z
Answer: B

21. Givenu = In,/x2 + y?; wherex =re‘andy =re™*

x =re’
y=re”
O o T o =S
BS_T as re

1
f=In(x*+y*)z= %ln(x2 +y?)

2 otn
dx 2 lx24y? Zx

x

(a—w‘)xy =50 5

S

T x24y2
d 1 1
—f = _[.__ . Zy]
ay  2lx%+y?
i |
xZ+y2
r
u_of
as ~ 0s

_9f 8x  of 3
T ax ds 0Oy ds

x =
= e e zyz-—res
x2+y 24y
xre® yre™s

x2+yz IZ+yZ
xreS—yre™$
-_Tﬂrz_
_ r(xe’—ye™)
xZ4y2
Answer: D
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GET A SIMPLE WITH MERBLIN SERIES

22. Given f(x,y) = 2 — x2 —xy—y?

23.

f(ty) =-2x—-y
iey)=—x-2y

For critical points, f,(x,y) = Hy)=0

—2x-y=0 -x-2y=0

2x=y x=2y

By solving, 2x = y and x = 2y simultaneously, we obtain
x=0,y=0

Thus, the critical point is (0,0)
Checking the nature, using Jacobian,
fx [y
e fyy
&= ,—2 -1
-1 =2l
=4-1
=3>0

NE

(0,0)

Also,

fexlooy =—2<0 ' ‘ . _
Since, A] > 0 and f;, < 0 at (0,0) then the critical point (0,0) is the relative maximum point.
Answer: D

Given f(x,y,2) = xy +yz + zx
Lx,y,2) = f(1L,1,1) + £,(1,,1)(x — 1) +fy(1,1,1)('y -+ £01,10)(E-1)

£(1,1,1) =1(1) + 1(1) + 1(1) = 3
fxy2)=y+z =2£111)=1+1=2
ey =x+z = f111)=1+1=2
ey =y+x =£11L1)=1+1=2
L,y,z)=3+2(x -1 +2(y—-1) +2(z—1)
=3+2x—2+2y—2+2z-2

=2x+2y+2z-3
Answer: D
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24.Givenu = x? + xy — y? and v = 2xy + y?
a a
i} = e 2 2
EW (w) ™ (x* +xy —y?)
ox dx dy dy

1=2x— _ AR et
xau+y6u+x6u zyau

1=(2x +y)g—z+ (x— Zy)g—i.......(l)

() =522y +5?)

0= 2y§—i+ 2(x+y)g—z

0= yt—;g+ (x +y)g%..........(2)

Now, multiply (1) by (x + y) and (2) by (x — 2y), we have
(x+y)=(Cx+y)(2x +y)g—z+ (x+y)(x— 2y)g—z... ++:(3)

d0x dy
0=yl —2y)z-+x+yx—2y) 5 (4
Subtracting (4) from (3), we obtain

dx ox
x+y)=( +y)(2x+y)£—y(x - Zy)%
ox dx
x+y)=(x +y)(2x+y)a—y(x — Zy)(-a;

a
(x+y) =[x +y)(2x+y) —yx—2y)] 5%

axy (x+vy)
(6_u)u S (e +)2x+y)—y(x—2y)

Evaluating at the point (2, —1)

ax B 2-1)
(E‘E),, T2+ (D)2 + (-D) - (-D(2-2(-D))
1
“C-DA-1D+2+2)
!
“3+4
1
]
Answer: A
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; 11 1
25. Given == % + A
1 1 1
R R, 'R,
1 R +R,
R RyR,
RiR; =R(R, +R;)
_ RiRy
" Ry +R,
dR _ 0 ( RiR,
dR, 0OR, (R1 ¥ Rz)
_ (R + R;)(R;) — RyR>(1)
4 (Ry + R;)?
_RyR, + R —RiR,
T (R +Ry)?
R}
" R, +Ry)?
Answer: B

26. The partial derivative of f(x, y, z) with respect of y is defined as
fGoy +hy,2) — f(x,y,2)

f(x,y,2) = :!;’-‘.‘n n
Answer: D
27. Given f: _]'12 (x + %) dydx

y

4 2
i Z) = I( 1 .l)
ff(y+x dydx = X y+y " dydx
11 1
1
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4
31
=[[xln2+—-—- dx
Z X
1

o2 3 x=4
= [?ln 2+ —2'111 x]
x=1

= 421 2+3l 4 12l 2+31 1
) n 2n n 2n

_ [81n2 +31;14] [an 3(0)]

=555+208-035—-0
= 7.28

Answer: A

28. Gwenf f f xyz dxdydz
x=1

f f xyz dxdydz = J’ f [— yz] dydz
= —-yzdydz
[ e
1 4 2 1=
= Ef [y?z’] dz
1 -
1 4
(0—-2z)dz
1

= %Jj(—Zz) dz

=4

Answer: C
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GET A SIMPLE WITH MERBLIN SERIES

29. Given [[x?ydAy =0,y =2and -1 <x <2

2 r2
flras= " [rar
1

277=2

=[[ zzy]Fodx

= —Uax
g
2
2x%dx
-1
[zxarz
3 x=-1
_2(2° 2(=1)’°
-3 3

30.Given 2 —x —yoverthesquare D = {(x,¥) |0<x <2, 0<y <2}
2y=2
ff(z x —y)dydx = f[Zy xy——] dx

y=0
22
=[ (2(2) 2x ——— O)dx
0 2
2
= f (2-2x)dx
0
2222
= [2" 7
x=0
= 2(2) - (2)?
=4-4
=0
Answer: D
57
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